We investigate the electronic transport through two parallel double quantum dots coupled both capacitively and via a perpendicularly aligned charge qubit. The presence of the qubit leads to a modification of the coherent tunnel amplitudes of each double quantum dot. We study the influence of the qubit on the electronic steady-state currents through the system, the entanglement between the transport double quantum dots, and the back action on the charge qubit. We use a BornMarkov secular quantum master equation for the system. The obtained currents show signatures of the qubit. The stationary qubit state may be tuned and even rendered pure by applying suitable voltages. In the Coulomb diamonds it is also possible to stabilize pure entangled states of the transport double quantum dots.
I. INTRODUCTION
The capability to harness the potential power of quantum properties, such as superposition of states and entanglement, for information and communication technologies, has raised interest in possible experimental implementations over the recent years. Scalability, the feasibility of coherent control, and non-destructive read out of quantum states as well as robustness against decoherence are among the key features for such candidates [1] . Encouraged by the latest progress in their fabrication and manipulation, semiconductor quantum dots (QDs) have been proposed as possible candidates [2] and have been intensively studied since then. Of special interest are double quantum dots (DQDs) [3] , which are used to model two-level qubit states [4] [5] [6] . It has been shown that coherent control [7] [8] [9] [10] and read out [11] [12] [13] are achievable in these systems. Together, this allows us to implement electronically accessible quantum gates based on quantum dots [14] [15] [16] . Even entanglement, which is crucial for quantum computation, can be produced [17] , manipulated [18] and detected [19, 20] in quantum-dot setups. In consequence, quantum dots provide a promising candidate for a quantum computation architecture. Nowadays, quantum dots are produced on a large scale, for example, via lithographic methods [21, 22] , self-assembled growth [23] , or by depletion of twodimensional (2D) electron gases in semiconductors [24] , to name but a few. Unfortunately, all these fabrication methods can not completely exclude unwanted impurities that might destroy the desired properties of double quantum dots. The effects of impurities on coupled quantum-dot systems have been recently studied theoretically using molecular orbital and configuration interaction methods [25] . Furthermore, the possibility of screening charge impurities by using multi-electron QDs were theoretically investigated [26] . In addition, spin impurities have been observed experimentally via * cnietner@itp.tu-berlin.de transport spectroscopy in a carbon nanotube DQD [27] . The main goal of this paper is to analyze the effect of impurities on the transport and system characteristics of otherwise ideal DQDs. In contrast to the previously mentioned methods, we are using an effective rate equation approach derived from a Lindblad master equation. This ansatz yields a practical means to theoretically derive the transport properties of such systems, in particular, the transport spectra. To this end, we investigate a setup of two parallel DQDs, which give rise to entangled two-particle states, and a central impurity that disturbs the intrinsic DQD tunneling amplitudes. Already without impurities, these systems may exhibit interesting non-standard fluctuation relations [28] . In order to keep the calculations simple, we model the impurity as a charge qubit (CQB), which perturbs the DQD system depending of its internal state. The respective system Hamiltonian is introduced in Sec. II A. Subsequently, using the master-equation approach described in Sec. II B, we analyze its influence on the electronic transport spectrum through the DQDs both numerically and theoretically within Sec. III. Finally, we study the purity of the system in Sec. IV and investigate the effect of the CQB on the entanglement of the two-electron states in Sec. V.
II. MODEL
We consider an experimental setup as depicted in Fig. 1 , which consists of two parallel DQDs that are coupled both capacitively and via a perpendicularly aligned CQB impurity. Furthermore, these DQDs are coupled to leads that act as reservoirs for electrons and, thus, allow for electronic transport when their parameters, i. e. , temperature and/or chemical potential, are chosen differently. To simplify the calculations, we explicitly assume spin-polarized electronic leads and neglect the spin degree of freedom throughout this paper. This implies that spin-selection effects as observed in Ref. [27] do not matter. 
A. Hamiltonian
The Hamiltonian of the full system can be decomposed intoĤ =Ĥ S +Ĥ B +Ĥ SB with a system Hamiltonian H S , a bath HamiltonianĤ B and a HamiltonianĤ SB describing the coupling between system and bath. In the considered setup, the electronic transport through each DQD is altered by the state of a nearby impurity which is modeled as a CQB. In particular, the current through the DQD closest to the charge of the CQB is suppressed due to Coulomb repulsion. We define the electronic occupation number operator n (i) α =d † i,αd i,α where the operatorsd i,α andd † i,α annihilate and create electrons in the quantum dot α ∈ {R, L} in channel i ∈ {1, 2}. For convenience, we use here and in the following discussion the notation i = 1 for the upper and i = 2 for the lower transport channel in Fig. 1 , whereas the labels L, R denote the left and right quantum dots and electronic baths, respectively. Furthermore, we introduce the operatorsĉ i ,ĉ † i which annihilate and create electrons in the CQB. Since the CQB is equivalent to a two-level system, we can express the corresponding operators in terms of Pauli matricesσ z =ĉ † 1ĉ 1 −ĉ † 2ĉ 2 andσ x =ĉ † 1ĉ 2 +ĉ † 2ĉ 1 . Using these abbreviations yields a system Hamiltonian of the form
The first two lines in Eq. (1) describe the isolated DQD properties. Specifically, the first term accounts for the homogeneous on-site energies ε of the DQDs. The second term describes the intrinsic tunneling processes in the transport DQDs, which are proportional to the coherent tunneling amplitude T c > 0. The term in the second line stems from the Coulomb interaction within each DQD that is parametrized by the Coulomb interaction strength U . In the third line of Eq. (1), we include the Coulomb interactions in-between the parallel DQDs that arise from electrons on the same side with strength U ⊥ and from electrons on different sides with strength U . Finally, the last two lines of Eq. (1) describe the CQB with detuning Ω and coherent tunneling amplitude J, and its influence on the transport DQDs: The intrinsic processes of the DQDs are modified by the parameter G in the presence of an electron in the respective dot of the CQB. Due to Coulomb repulsion, it is reasonable to assume that the presence of an electron in the CQB leads to a suppression of the tunneling amplitude T c . Thus, we restrict the parameter G to negative values
The electronic baths are modeled as free electron gases of spin-polarized electrons. Hence, the Hamiltonian for bath (i, α) is given bŷ
with operatorsq † i,α,k andq i,α,k creating and annihilating an electron with momentum k and energy ν i,α,k in lead (i, α). The system-bath interaction Hamiltonian reads aŝ
where the tunneling amplitude of an electron hopping from the lead (i, α) into the system or vice versa is proportional to t * i,α,k and t i,α,k , respectively.
B. Liouvillian
Assuming that the leads are in thermal equilibrium and the coupling between the leads and the system is weak, we can use the Born-Markov secular approximation (BMS) [29] . Starting from the von Neumann equationρ = L [ρ], this formalism allows us to extract a quantum master equation that assumes the form of a rate equation for the reduced system density matrix ρ in the system energy eigenbasis for non-degenerate energy eigenvalues. Within this ansatz, the Liouville super operator L is parametrized by the Markovian system-bath tunneling rates Γ i,α (ω) = 2π k |t i,α,k | 2 δ (ω − ν i,α,k ) and the Fermi functions of the leads
. Here, we introduce the inverse temperature β = 1/ (k B T ), which we assume identical for each lead, and the chemical potential µ α for the left or right leads. For sequential electronic tunneling, we can uniquely identify the jump terms in the master equation which enables one to convert it into a conditional master equation. Considering the number n of electrons tunneled via one lead (i, α) into or out of a system with non-degenerate energy eigenvalues, the conditional master equation reads aṡ
Here, the super-operators L 0 , L + , and L − are acting on the reduced system density matrix. The operators L + /L − describe electronic jumps into/from the monitored reservoir from/into the system, respectively. The operator L 0 describes the internal dynamics of the system and electronic jumps between the system and the remaining baths. This n-resolved master equation can also be established using virtual detectors as bookkeeping operators [30] . Subsequently, we perform a Fourier transformation ρ (χ α , t) = n ρ (n) (t) exp(i n χ α ), which introduces a counting field χ α for the respective lead α. Hence, the Liouville super operator for lead α becomes a function of this counting field:
This procedure can be applied for each of the four electronic baths leading to a corresponding number of counting fields. However, due to charge conservation and the neglect of short-time dynamics, we just need to consider one counting field for each transport channel. Hence, without loss of generality, we consider the leads (1, L) and (2, L) and denote the corresponding counting fields as χ 1 and χ 2 . In the following calculations, we focus on the steady-state currents through the system. For lead α, this current [30] is defined by the relation
where the steady-state reduced density matrixρ is determined by 0 = L(0, 0)ρ. Finally, we note that throughout this paper, we utilize the flat-band limit with energyindependent tunneling rates Γ i,α (ω) = Γ i,α .
III. TRANSPORT CHARACTERISTICS
Within the following sections, we will apply the master equation formalism derived above to the Hamiltonian (1) and analyze its steady-state properties both analytically and numerically.
A. Full Transport Characteristics
First, we analyze the steady-state transport spectrum of the full Hamiltonian (1) . To this end, we evaluate Eq. (6) numerically. This requires to set up the full 32×32 Liouvillian (see Appendix A). The transport spectrum is obtained by calculating the steady-state current for varying gate voltage V Gate = ε which shifts the energy levels of all transport DQDs according to Eq. (1), and varying external bias voltage V Bias . The bias voltage enters the Liouville super operator through the Fermi functions via the chemical potentials. For convenience, we assume symmetric chemical potentials µ L = V Bias /2 and µ R = −V Bias /2 for both transport channels in all further calculation. As an example, we show the differ- ential transport spectra for both transport channels in Fig. 2 . The largest differential currents dI/dV Bias are observed at the edges of the Coulomb diamonds (CDs). Within these regions, the steady-state current vanishes due to Coulomb blockade effects that prevent electronic transport through the system [31] . For a suitable choice of gate and bias voltages, this blockade can be overcome leading to finite steady-state currents. The Coulomb diamonds can be associated with specific electronic subspaces reaching from the vacuum state with zero electrons up to the maximal number of four electrons, which are indicated in Fig. 2 . Note that distinct CDs can only be observed for low temperatures.
B. High-Bias Currents
Unfortunately, the Hamiltonian (1) is complicated to analyze analytically. Thus, we first consider the case of a high bias voltage V bias 0, where only the system transition energies from the zero-to-one electron subspace lie within the transport window. In this ultrastrong Coulomb blockade (USCB) regime, we make use of Eq. (6) and find that the high-bias steady-state current through the transport channel i becomes
whereī labels the opposite transport channel. For comparison, we additionally calculate the high-bias steady-state current for the strong Coulomb blockade (SCB) regime where in each DQD at most one electron is allowed. In this high-bias limit, where all transition energies from the zero-to-one and one-to-two electron subspace lie within the transport window, the steady-state current through transport channel i is of the form
This result corresponds to the high-bias steady-state current one obtains for sequential electronic transport through a two-level system [30] in the SCB regime. From Eq. (7), we see that in the USCB regime the current I
USCB explicitly depends on the tunneling rates of the opposite channelī. This is to be expected for this configuration with dynamical channel blockade [32, 33] . This intermediate coupling is lifted, for example, if the DQD i is almost immediately reloaded from the left lead, i. e. , Γ i,L Γ i,R . Then, the system tends to be always occupied by an electron: The steady-state current in channel i becomes proportional to the coupling to the right lead Γ i,R , whereas the current through the other transport channel vanishes. In the opposite case, when the DQD i is not refilled from the left lead, i. e. , Γ i,L → 0, while the other tunneling rates remain non-vanishing, the steadystate current through channel i vanishes and the other current takes on the form of Eq. (8) . Considering a similar configuration where the electrons almost instantly leave the transport channel i via the right lead, i. e. , Γ i,R Γ i,L , we find that the channel coupling is only partially lifted. In fact, in this limit, channelī decouples and the respective steady-state current takes on the form of Eq. (8) . However, the steady-state current i is still proportional to tunnel couplings of both transport channels. Finally, if the couplings to the left leads and the couplings to the right leads are the same for both channels, i. e. , Γ i,α → Γ α , the steady-state currents are the same for each channel. This demonstrates that in the high-bias regime, the steady-state currents are not sensitive to the asymmetry induced by the CQB. Note that due to electron-hole symmetry, we find analogous results to Eq. (7) if the system transition energies from the three-to-four electron subspace lie within the transport window.
C. Current Anti-Correlation
In this section, we further analyze the transport properties of the system in the ultra-strong Coulomb blockade regime for small bias voltages. Thus, we focus on the region in the vicinity of the edge of the 0-electron CD of the transport spectra in Fig. 2 . A first interesting feature in this region is the occurrence of negative differential conductance, which indicates blocking effects in both transport channels. We demonstrate in the inset in Fig. 3 that this is an intrinsic feature resulting from the CQB impurity as negative differential conductance is not present in parallel DQDs without impurity. Effectively, the asymmetry induced by the impurity leads to the fact that the two possible transport channels become accessible at different gate voltages. Furthermore, since the total number of electrons in the system is constrained by Coulomb interactions, as soon as the second transport channel becomes available, the current in the first channel decreases, leading to a negative differential conductance. Consistently, this property is most prominent in the Coulomb blockade regime. Therefore, by comparing the differential currents for the two transport channels, we find that this feature is accompanied by an anti-correlation between the steady-state currents in the different transport channels.
D. Coulomb Diamond gaps
The most striking difference between the plots in Fig. 2 is the fact that some Coulomb diamonds do not close, as indicated by the dashed circles. We expect this effect to occur for coupled DQDs with asymmetries in the quantum-dot energies or in their tunneling amplitudes. Because we explicitly exclude this kind of asymmetry in the transport DQDs, this effect clearly suggests a blocking induced by a finite energy barrier at zero bias voltage that stems from the presence of the CQB. In which channel the gap appears depends on the sign of the detuning. Since all changes in the steady-state currents are associated with resonances of the transition energies between eigenstates of the system Hamiltonian, it is possible to calculate the position of the lines shown in Fig. 3 if the eigenvalues of the respective HamiltonianĤ S are known. Hence, a diagonalization of Eq. (1) allows one to calculate the position and width of the gap. For example, the gate voltage with minimum gap between the 0-electron and 1-electron CD is given by
Subsequently, we derive the other parameters of the gap such as the upper bias voltage at this point, which reads as
Due to the choice of our parameters, the gap is symmetric with respect to V Bias = 0 and thus the lower bias voltage satisfies V lower Bias = −V upper Bias , which yields for the width of the gap
In an analogous way, we can determine the point of contact of these Coulomb diamonds. We find that this position is given by the relation
(12) From Eq. (11), we see that for the considered experimental setup, the appearance of the gap results from both, the detuning Ω of the CQB and the modification G of the intrinsic tunnel amplitudes. If one of these quantities is zero, the gap vanishes. On the contrary, the width of the gap is completely independent of the intrinsic tunnel amplitudes T c of the transport DQDs. Moreover, we find that the gap not only vanishes as G or Ω approaches zero, but also if J becomes very large. This behavior can be understood since the rapidly oscillating CQB on average affects both transport channels in the same way and the energy barrier vanishes. Investigating the position of the gap according to Eq. (9) yields a more complicated behavior in dependence of the CQB parameter J. As the hopping amplitude J is increased from zero, the gap is shifted from an initial finite value to higher gate voltages up to a maximal value. A further increase of J results in a shift of the minimum gap to lower gate voltages, which in the limit J → ∞ becomes a constant that equals the position for J = 0. Therefore, we conclude that the system is most sensitive to the CQB for a small tunneling amplitude J. In general, we note that measuring in an experiment the quantities described by Eqs. (9)- (12) allows us to calculate the tunneling amplitude J and the detuning Ω of the CQB as well as the modification G of the tunnel amplitudes T c of the DQDs.
IV. PREPARATION OF PURE STATES
The SCB regime is particularly interesting because it includes configurations where the transport DQDs can also be treated as CQBs, giving rise to an effective system composed of three coupled qubits. These coupled qubits represent possible candidates for basic constituents of quantum information technologies that use entangled qubit states for calculations or communication. In order to better understand the eigenstates of the considered system in the long-time limit, we analyze the purity of its reduced steady-state system density matrix and investigate some interesting expectation values.
A. Purity of the Full System
In Fig. 4 , we plot the purity Tr ρ 2 of the reduced system density matrix. We find that in the interior of the Coulomb diamonds and for low temperatures, the system enters a pure energy eigenstate with the lowest possible energy. This behavior causes the vanishing steadystate currents in this region. In general, these eigenstates, which are obtained from a diagonalization (see Appendix A) of the Hamiltonian (1), are entangled states. However, for the special choice of Coulomb interactions U ⊥ = U , we find that the eigenstates become separable. Therefore, the eigenstates S i the system enters in the CDs of Fig. 4 have the simple representation
where the structure of the kets is defined in the local basis as |DQD 1 , DQD 2 , CQB and {a i , b i } ∈ R are the respective normalized coefficients. If the temperature is raised, the region within a CD where purity is reached shrinks in favor of a mixture of states with the same number of electrons. Outside of the Coulomb diamonds, eigenstates belonging to different electron subspaces mix together, which allows for electronic transport and a finite current.
B. Purity of the CQB
The observation that there exist regions where the whole system is in a pure state leads to the question if the same is true for the CQB. A pure system density matrix together with a mixed CQB density matrix would imply entanglement between the transport DQDs and the CQB. In order to answer this question, we calculate the stationary expectation values of the CQB occupation operators according to σ j = Tr {σ jρ }. Since the CQB represents a two-level system, these expectation values can be interpreted as the components of a Bloch vector. A pure CQB state corresponds to a Bloch vector with modulus one. Because in our model there is noσ y component for the CQB, the modulus of the Bloch vector is defined by σ = σ x 2 + σ z 2 . We find that it is possible to tune the CQB to a pure qubit state for suitable combinations of gate and bias voltage (see Fig. 5 ). The regions with large CQB purity coincide with the Coulomb diamonds indicating that the CQB is not entangled with the rest of the system. Furthermore, there are well defined regions outside of the Coulomb diamonds where the CQB behaves completely classical, indicated by the vanishing of the Bloch vector modulus. However, as depicted in Fig. 5 the eigenstates that the CQB can take on within the Coulomb diamonds, do not correspond to localized electron states as theσ z -component never takes on the value ±1 in these regions. These properties remain qualitatively unchanged if other parameters are considered. In general, we find that the purity properties are sensitive to thermal fluctuations and thus the stability of the corresponding regions will decrease as the temperature increases. This effect is strongest for the 2-electron CD and weakest for the 4-electron and 0-electron CDs.
V. ENTANGLEMENT
In contrast to the separable eigenstates in Eq. (13), we can also change the Hamiltonian parameters to stabilize entangled states in the 2-electron CD. Thus, motivated by investigations of the entanglement of the system (1) without the CQB impurity [18, 34] , we explore the effect of the presence of the CQB on the entanglement of the transport channels within the following section. In order to qualitatively and quantitatively determine the entanglement between the two transport DQDs, we project the steady-state density matrix onto the twoqubit subspace where exactly one electron is present in each transport DQD. Subsequently, tracing out the CQB degrees of freedom yields an effective 4 × 4 matrix ρ 2 = Tr rest {ρ} for the two coupled qubits represented by the transport DQDs. Here, the trace over "rest" includes the 0-, 1-, 3-, and 4-electron subspaces as well as the 2-electron states corresponding to a doubly occupied transport DQD. For this effective system of two coupled qubits, there exists a well-known entanglement measure [35] : The concurrence C = max 0,
where λ i are the eigenvalues of ρ 2 (σ y ⊗ σ y )ρ T 2 (σ y ⊗ σ y ) arranged in decreasing order, i. e. , λ i+1 < λ i .
A. Eigenstate Concurrence
For the system of two coupled transport DQDs it is known that the strength of entanglement depends on the strength of the on-site Coulomb interaction [18] . Additionally, the entanglement of two parallel DQDs is also induced by asymmetric interactions. Hence, this property strongly depends on the choice of Coulomb interactions between the quantum dots. In our numerical evaluation in Fig. 2 we explicitly assume that the Coulomb interaction between parallel dots has the same strength as the diagonal interactions, i. e. , U = U ⊥ . However, with this choice, entanglement can hardly be achieved. In order to investigate the dependence of the entanglement of the pure states on the interaction strength, we introduce the ratio α = U /U ⊥ between parallel and diagonal Coulomb interaction in the system Hamiltonian (1). First, investigating the concurrence of the pure qubit eigenstates for parallel DQDs with and without CQB in dependence of this ratio α yields the results presented the left picture in Fig. 6 . In general we find that for the highly asymmetric case of α = 0 the concurrence for parallel DQDs with CQB impurity is maximal and reaches almost 1. With increasing ratio α the concurrence decreases until it completely vanishes at α = 1, the point of maximum symmetry. In contrast, the two Bell states 1/ √ 2 (|R, R − |L, L ) and 1/ √ 2 (|R, L − |L, R ) corresponding to the straight line in the inset in Fig. 6 have a constant concurrence of 1 over almost the full range of α. Hence, these eigenstates are maximally entangled states except near the point α = 1 where the concurrence vanishes discontinuously. Note that always two of the four qubit states show exactly the same concurrence. Thus, both the solid and dashed lines in the inset correspond to two eigenstates each. Comparing with the concurrence for qubit eigenstates of Eq. (1), we find that the Bell states are destroyed due to the influence of the tunneling amplitude J and the detuning Ω of the CQB. This result is in agreement with recent theoretical work using a configuration interaction method to analyze impurity effects on quantum bits [25] . In addition, we observe that in general the concurrence of non-Bell states is raised for all values of α. This effect mainly results from the modification parameter G. The concurrence is maximally enhanced for G = −T c and approaches the value of the unperturbed system as G approaches zero.
B. Generalized Transport Concurrence
Next, we investigate the concurrence for the whole transport spectrum, which includes mixed states as well. Since both cases with α = 0 and 1 are experimentally hard to achieve and also represent rather special configurations, we choose α = 0.7 for numerical investigations. From the definition of the concurrence, it is obvious that this quantity is linear in the norm of the reduced density matrix ρ 2 . Hence, if the reduced density matrix is not renormalized after tracing out the CQB, the concurrence is only exact if evaluated in the transport qubit sector where a single electron is on each transport DQD. Otherwise, the calculation yields a product of the exact concurrence multiplied by the probability for being in a transport qubit state. Due to this special property we will in the following use the non-renormalized concurrence C to characterize the entanglement of the DQDs in the full gate and bias regimes. In the right picture of Fig. 6 , we plot the resulting concurrence versus gate and bias voltage. We observe that the presence of the CQB enlarges the concurrence within the 2-electron Coulomb diamond and slightly decreases the concurrence of the mixed states outside of this Coulomb diamond. Moreover, we see that in the exterior of the 2-electron Coulomb diamond, the concurrence vanishes almost everywhere except for the regions associated with transitions from the 1-or 3-electron to the 2-electron subspace. Here, the transport qubit eigenstates enter the steady-state reduced density matrix contributing their high concurrence to the mixture of states. However, since we do not re-normalize the effective two-qubit density matrix, this high concurrence gets multiplied by the 2-electron fraction of the mixed state which corresponds to the probability to be in such a 2-particle state. Going deeper into the 2-electron subspace allows for more 2-electron eigenstates to mix in the steady state reduced density matrix and hence rapidly reduces the respective entanglement. In an experiment the DQD, entanglement could be measured for example via construction of a Bell inequality as suggested in Ref. [18] .
VI. SUMMARY
We studied the electronic transport properties of a system of two parallel DQDs which are subject to a CQB impurity that affects the transport through these DQDs. In particular, we investigated its effect on the steady-state currents in the strong and ultra-strong Coulomb blockade regimes. We find that the CQB detuning gives rise to an asymmetry that prevents the closing of Coulomb diamonds. Width as well as the position of the gap depend on the CQB parameters. In the ultra-strong Coulomb blockade regime we were able to extract analytic results for both, the steady-state current in the high-bias regime as well as the width and position of the gap in dependence of the CQB parameters. Moreover, we analyzed the purity of the reduced system density matrix and found that the purity of the system is preserved. In addition, the back-action on the CQB allows us to even render its eigenstates pure. Finally, we analyzed the impact of the CQB on the entanglement between the two transport channels. Here, we observe on the one hand a destruction of Bell states due to the CQB tunneling amplitude J and detuning Ω. On the other hand, we find an increase of entanglement of the remaining eigenstates due to the modification parameter G. In the exterior of the Coulomb diamond, entanglement is slightly decreased by the CQB. Financial support by the DFG (SFB 910, SCHA 1646/2-1) is gratefully acknowledged. We would also like to thank S. Kohler for helpful discussions.
